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FIG. 4. Comparison of the function A(x) and its estimate functwn A(:r) of numbe1' of multi
plicatively abundant numbe1·s 
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EXTREMAL INTERSECTION SIZES 

VALERIO DE ANGELIS* AND ALLEN STENGER 

1. Introduction. Suppose we are investigating a finite collection of finite sets, 
and suppose we know the size of each set and the size of their union. What , if 
anything, can we say about the size of their intersection? 'vVc write 11 for the number 
of sets, and Ai for the sets. If there arc only two sets , then the exact size of the 
intersection is given by 

(1) 

However, wlwn n 2 we don't have enough information to determine the size of 
the intersection. In this note we will generalize the two-set case to get tight upper 
and lower bounds on the size of the intersection. The inspiration for this note is a 
problem that we received at !\IathNerds.com (2]; we solve this problem in Section 2 as 
an application of the results in this note. A similar problem was presented by Lewis 
Carroll in (3, Knot X, §1, pp. 142 144], and we discuss his solutions in Section 4. 

TIIEOREl\1 1. With the notation above, 

For n = 2, the upper and lower bounds arc the same and we get equation (1). 
Note that for 11 > 2, the hounds given by Theorem 1 may b worse than the trivial 
bounds 0 $ J n; Ail $ mini JAi l· The next theorem shows that Theor<>m 1 combined 
with the trivial bounds gives the best-possible bounds. If c is in the range specified 
by (3) and (4) below, then there is a collection having intersection size c, and if c is 
not in that range then Theorem 1 and the trivial bounds show that no collection can 
have intersection size c. 

THEOREt\! 2. Suppose each of u, a 1, ... , a11 is a positive integer, and s·uppose 

(2) 

Suppose c is an integ r sati.sfying 

0 $ c _ m~na; (3) 
1 

and 

(4) 

Th n th re ·is a collection of sets {A;} having sizes lAd a ;, union. size I Ui A;J = u , 
and intersection s·ize I ni Ai l = c. 
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2. Example. A health club has 600 members. Of these, 80% are male, 70o/! 
play tennis, and 60o/! swim. What are the lowest and highest possible percentages of 
males who swim and play tennis? 

Let A1 , A2, A3 be t he sets of the 480 members who are male, the 420 who play 
tennis, and the 360 who swim, respectively. The intersection of these sets is the set 
of males who swim and play tennis. The size of the union of these three sets is at 
most 600, but we don 't know the exact size because there may be some women who 
neither swim nor play tennis. Therefore Theorems 1 and 2 do not apply directly, 
but we do have estimates for the union size and we can use these in the theorems. 
Write u = I ui Ail and c I n i Ail· Theorem 1 tells us 480 + 420 + 360 - 2u s c s 
h480 + 420 + 360 - u). From the sizes of Ai and the total membership we know 
480 S u S 600. Using these upper and lower bounds for u we get 60 < c S 390. 
The upper bound is worse than the trivial bound 360. Our conclusion is that, for any 
value of u, we have 60 S I ni AI S 360. 

We don't know yet that these extremal values can be met for a total membership 
of 600, but we will show this by construction. The idea is to put aside all members 
of the intersection in one group, and then spread out the properties of the remaining 
members as much as possible, such that none of the remaining members are in all the 
sets. (We'll use the same idea in general form to prove Theorem 2.) 

For the lower bound, first assign 60 of the members to be male, play tennis, and 
swim. Then we have 540 members remaining, from which we will assign properties 
such that 420 are male, 360 are tennis players, and 300 are swimmers, and such that no 
person is all three. Imagine arranging the remaining 540 members in a big circle, and 
numbering them counterclockwise 1 540. Go around the circle assigning properties 
as follows: Members 1 420 are male, members 421- 540 and 1- 240 play tennis, and 
members 241- 540 swim. Then none of these 540 is male, plays tennis, and swims. 

The upper bound construction is similar. First assign 360 of the members to be 
male, play tennis, and swim. Then we have 240 members remaining, from which we 
need 120 males, 60 tennis players, and 0 swimmers, such that no person is all three. 
Arrange the remaining members in a circle and number them 1- 240, and assign their 
properties as follows: Members 1- 120 are male, members 121 180 play tennis, and no 
members swim. Then none of these 240 is male, plays tennis, and swims. 

3. Proofs. PROOF OF THEOREM 1: We use a counting argument. Write U = 
UiA and write Ck for the set of elements of U that are in exactly k of the Ai. Then 
Lk ICk l = lU I and Cn = n iAi. The sum L i IAi l counts each element of Ck exactly k 
times, soLi IA I = Lk kiCk l· We can now estimate 

n - 1 n - 1 

L IAi l = L k iCkl + n iCn l S L(n - 1)1Ck l + n iCnl = (n 1)1UI + ICnl 
i k= l k = 1 

and solving the inequality gives I n i Ai l = ICnl 2: L i IAil - (n - 1)IUI. 
A similar argument gives the upper bound: 

n- 1 n 1 

L IAil = L k iCk I+ n iCn l 2: L 1·1Ck l + n iCnl = lUI+ (n - 1)1Cnl 
k= 1 k = l 

and therefore ICn l < (1 / (n - 1))(L:i IAi i - IU I). 0 
PROOF OF THEOREM 2: We construct the sets Ai by drawing two circles in the 

plane, cutting them into arcs of unit length, and defining the Ai as certain collections 

.. 

Extremal Intersection Sizes 537 

of these arcs. The size of a set is both the number of arcs in the set and their total 
length, and we use this duality in the proof. 

If c = 0, let C = 0, otherwise draw a circle of circumference c and divide it into c 
arcs of unit length. From inequalities (2) and (3) we have u 2: maxi ai 2 mini ai 2: c. 
If u = c then we can take all Ai = C, because then I Ui Ail = I ni Ail = IC I = c = u. 
Therefore assume u > c in the following. 

Draw a second circle, disjoint from the first, and of circumference u - c. Divide 
the circle into u - c arcs of unit length. Define the set B 1 as the set of the first a 1 - c 
arcs, B2 as the set of the next a2 - c arcs, and so on (some Bi may be empty). From 
inequality (2) we have that ai - c S u - c, and so no Bi wraps around to contain the 
same arc twice. Finally define Ai = Bi U C. 

Because the circles are disjoint, they have no arcs in common and it is clear that 
IAil = (ai - c) + c = ai. We need to show that I Ui Ai l = u and that I n i Ail = c. 
Because Cis disjoint from each Bi , these are equivalent to showing I Ui Bil = u - c 
and that n iBi - 0. 

To show that juiBil = u - c, observe from inequality (4) that L i ai ;:::: (n - 1)c+ u 
and so L i(ai - c) = Li ai nc 2: (n - 1)c + u - nc = u - c. Therefore the sum of 
the lengths of the arcs in the Bi is at least u - c, the circumference of the circle. The 
arcs in the Bi are contiguous, so UiBi contains all arcs of the circle. 

To show that niBi = 0, from the left-hand inequality of (4) we have that L i a; S 
c (n - 1)u and therefore L i(ai - c) = L i ai - nc S c+ (n - 1)u - nc = (n - 1)(u - c). 
Therefore the Bi may wrap around the circle, but not more than n - 1 times, and so 
there are no arcs that are in more than n - 1 of the Bi. Therefore n iBi = 0. 0 

4. Related results. We believe the results in this note must be already known, 
but we were not able to find them anywhere in the literature. The branch of combi
natorics that deals with this kind of problem is Extremal Set Theory; see for example 
[1, Chapter 6] . 

A related result is the Inclusion-Exclusion Principle that is discussed in most 
books on cornbinatorics, for example, [1 , Chapter 10]. It states in our notation that 
if V 2 U then 

i < j i j < k 

This is another generalization of equation ( 1), because we can take V = U and n 2 
to get equation (1). The Inclusion-Exclusion Principle is proved by another counting 
argument. An element of V\ U is counted exactly once by the right-hand side because 
it appears only in V, and an element of U that is in exactly k of the Ai is counted 

times. 
The Inclusion-Exclusion Principle is used in many kinds of combinatorial problems 

and is also the basis of sieve methods in number theory, but it requires that you know 
or can estimate the sizes of all possible combinations of intersections of the Ai , unlike 
Theorem 1 that only requires knowledge of the size of the sets and of their union. 

We received the Example problem (lower bound only) at IviathNerds.com [2] , a 
web site offering free help to students. The problem was submitted by Ms. Regis R. 
Park and solved by MathNerds volunteer Esther Fontova by a "worst case" analysis, 
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pushing as many of the swimmers and tennis players as possible into the female 
category, then pushing the remaining swimmers and tennis players as far apart as 
possible. 

In [3, Knot X, §1, pp. 142- 144), Lewis Carroll states a problem about the Chelsea 
Pensioners (war veterans): 

If 70 per cent have lost a eye, 75 per cent an ear , 80 per cent an ann, 
and 85 per cent a leg: what percentage, at l ast. must have lost all 
four? 

The problems in [3) were published as a serial in a mont hly magazine, and Carroll 
published and discussed in later issues the solutions sent in by the readers. The 
solution to the Chelsea Pensioners that he judged best used a version of the Pigeonhole 
Principle: Suppose we have 100 men, and add up all the injuries, so that we have 70 
lost eyes and so on, for a total of 70 + 75 80 85 = 310 injuries among 100 men 
so at least 10 men must have all four injuries. Carroll also presents briefly a second 
solutiou . which is essentially to spread out the injuries as much as possible among the 
100 men, leading to the least overlap. 

Carroll 's solutions arc discussed in more generali ty and in more mathematical 
terms in Herstein & Kaplansky [4, pp. 12- 14). They treat the first solution as an 
example of De f\i01·gan 's law. We seck the size of the intersection of the four classes of 
men, and by De l'viorgan the complement of this set is the union of the complements . 
The size of the union is bounded above by the sum of the sizes of the complements, 
or 30 + 25 20 15 .::;; 90, so the size of the original intersection is bounded below 
by 10. They also treat Carroll's second solution by three applications of (1). 

Both Carroll and Herstcin & Kaplansky gloss over the problem of whether the 
lower bound is actually reached (although in t his example it is easy to show that it 
is ). Neither discussion attempts to investigate the upper bound (which would be the 
trivial upper bound 70 in this example) or to generalize the problem. 
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HEROIC TETRAHEDRA AND SIMPLEXES 

1. .1. GOoD· 

The famous formula, named after Hero (or Heron) of Alexandria and sometimes 
attributed to Archimedes, for the area D. of a triangle, is 

6.2 = s(8 - a)(s - b)(s - c), (1) 

where the lengths of the sides are denoted by a, b, c and s = ~(a + b + c). Hersh (2002) 
gave elegant methods for deriving (1) from the assumption that 6.2 is a polynomial 
in the lengths of the edges (and therefore has to be a quartic). Without a proof, we 
don't know that 6.2 isn't, for example, the square root of a polynomial of the eighth 
degree. One way to prove that D. 2 is indeed a polynomial is to use Theorem 4036 in 
Carr (1970) . He gives a simple geometrical proof of a formula for D. in terms of the 
coordinates ( x 1, yl), ( x2, Y2 ), ( X3, Y3) of the vertices. If we take the third vertex as the 
origin 0, then that formula reduces to one half of the absolute value of x 1y2 - x2 y1 

and this also is a well-known formula. It can be written, if preferred, in terms of a 2 
by 2 determinant 

Yt I· Y2 
(2) 

On multiplying this determinant by its transpose, we get the symmetric determinant 

x~x2 -t; Y1Y2 1-1 a· a a· b I 
:r2 + y2 b · a b · b (3) 

The elements of the right-hand determinant, which no longer depend on the location 
of the origin, are inner or scalar products, where the bold a and b denote the sides, a 
and b, expressed more fully as vectors (that is, with their dir·ections represented). To 
obtain a formula in terms of the lengths of the sides alone write a.b as 1/2(a2+b2 - c2) 
{even when a = b, in which case c = 0), and we obtain 

(4) 

This is a polynomial in a, b, and c, as is required to convert Hersh's derivation of Hero's 
formula into a proof. But in a sense we have proved too much, for the determinant 
equals (by the factorization formula for the "difference of two squares" applied thrice) 

4a2b2 - (a2 + b2 - c2)2 

- [2ab + (a2 + b2 - c2))[2ab - (a2 + b2 - c2)] 

= [(a+ b) 2
- c2)[c3

- (a - b) 2
) 

= (a+ b + c)(a + b - c)( a - b + r)( - a+ b +c) 

and this proves Hero's formula (1) . 

(5) 

(6) 

Thus formula (4) leads to a proof of Hero's formula by algebra even more ele
mentary than what Hersh used in his 'derivations'. But I like the didactic aspects of 
Hersh's methods. 
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